
Problem Set 3 : QNMs and Schwarzschild BH

I . LINEAR PERTURBATIONS OF BLACK HOLES

We will start by stroying perhrbations of a static BH with spherical symmetry : the Schwarzschild BH
,
whose

metric is

ds = godaroé = -(1-CM)d + (1 - 2) +dra + rade

& being the background metric . We also make the assumption that we are in an empty space st Einstein eys

R = 0

Problem 1 . 1

We want to perhub this metric vise small perturbations har st

Sage ho ;hold

and the associated Einstein es are given by
R = 0.

Let us write this equation inhams of Christoffel symbols .

To this end
,
we introduce the inverse metrique

hau = gamg()B) haß
and

gr = g(mu
- fu) + 0(22) .

Thus
, perturbed Christoffel symbols are

↑=1 (Organ + Ing-

: 1g(op + 0
-g -gr

+ Eglosed (Ophan + Euhap- -char)

miS
=
- gia9) Ap No

= M=& + Si

with ST = 1 goed(phanErhap-Wahur) - gay apT

= Egloed (Duhar + Polan-Patr

that transforms as a tensor.



Indeed
,

Dphan = Ophar - No hyn - 122

Prham = Orham-N- Nos a

Da ha = Jahn-Nodhy-P

Plugging it back, one has
gloge (Ophan *Wnhap-Wahm-hon-ha

-Na+
= grogn (Emfar +Ontam-Ohm-2Nas)

Note that Tr = at the one wit the background metric.

Let us now derive the perturbed Ricci tensor. By definition, we know that

Ran = 2 - Un N + NN -

and we want he write it as

Ra = R + S

We have

Run =2 - 2↑+↑Si
-

-N -NS-S
So

m

= R + 2aS + M 1-
- - -

-2

-
-DS

re

= Sur = Da SFu - Du ST

= 0

=> DeS = Destin Einstein eq

Problem 1 .
2

we have scolar harmonics and we need to create an object with 1 index with spherical symmetry.

-> We can only applynevariant derivatives (on the sphere)
DA

-> DAEAB

For Sindices
,
it's the same , we only have

a
DADB

-> gAc JB Da



More explicitly , from
D54=Jya...

we can abtain

& Yem(0 , 4)
= Da 4em (0

, 4)

- show that they salisfy (*)
XEm 10

, 0) = - 418Do Yem (0, P) and find their associated a

or for rank & tenses, we have
-794

em
10, P)

413 (0, 0) = (DAD+ )Ym& em

DEDYem to which we apply D and for it no
be aspherical harmonic , D . 1 = -5) .)

↳
u

X110 , 0) =CAyD, Yem 10 ,P

We will ten use them he extend the perturbation of the metric in an adopted basis .

Let " = (V
,
r)
,
we have

hab=[ 1 Yemet (scolaire)

& taa= bas Ya(x) + c(x) (xt) (recteur (

haz= dem 1)Mas Yem(r) + Cem(2) Ya(x) + fem(a)X (xt) (enseur)

We can divide this basis inhe to parts : axial (= add modes) and polar ( = even modes)

II . REGRE-WHEELER EQUATION

Axial perturbations = odd 1 fem =o (R-w gauge)

Problem 2 . 1

We have

&saes

h

We thus set

Cem ho(t , r) and h (tr)
11

fre hrA



Problem 2. 2

We know that

~
%

=(ind
=> E = En =

70 vinSeExc =

) sin
on the sphere. Because Yem are scalor functions , Dr = Do on the sphere.

=> X = - SYemo,E
X em = Sino ToYem 10 , P)

such that non-vanishing components are

& hra
= hotrs(- GpYem100) , sinon

& ra=htr-pem(P) , sinooYem
We also remember that we can write - associated Legendre polynomial

Ym(0, 0) = NmPme(casa) eind

↓ ↳ azimutal part
with o the azimutal angle (n ,y)-plane normalisation

S
O the polor angle z-plane

constant

Marcover
, we

have

S
10 e l +T = complexe stuchse

- em) l

Thus
, we

obtin

6 - imho Yem Lo sino do Tem

sindfor
stancesint Tom O

sind

OI O

sind

O

sind

-
imh
-

Yem h SindGo Yem &
tihr) anc 20Yem he sino go Yem ⑧ O

Problem 2
. 3

Anym dependency discappered a results from spherical symmetry /q hydrogen atam)



# ZERILLi EQUATION

See mathematica notebook


